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Abstract 

By establishing the intrinsic super-Poincare inequality, some explicit condi- 
tions are presented for diffusion semigroups on a non-compact complete Rieman- 
nian manifold to be intrinsically ultracontractive. These conditions, as well as 
the resulting uniform upper bounds on the intrinsic heat kernels, are sharp for 
some concrete examples. 
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1 Introduction 

Let (E, J^",/i) be a a-finite measure space, and (L, 3$(L)) a negative self-adjoint oper- 
ator generating a (sub-) Markov semigroup Pt := e tL on L 2 (fi). According to [8], the 
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semigroup P t is called ultracontractive if \\Pt\\L x (^L°°{^) < 00 f° r an Y t > 0. Due to 
Gross [10], the ultracontractivity of P t can be derived from log-Sobolev inequalities 
and for \i finite, implies that Pt is compact and L has empty essential spectrum (see 
[20] for more general results on functional inequalities and the essential spectrum). On 
the other hand, however, when \i is infinite, there is no direct relationship between 
the ultracontractivity and the spectrum of L. For instance, the heat semigroup on 
M, d is ultracontractive with respect to the Lebesgue measure, but the spectrum of —A 
is continuous. This means that the ultracontractivity is no longer "intrinsic" for the 
spectrum property when /x is infinite. For this reason and for other applications in the 
study of Markov semigroups, the intrinsic ultracontractivity was introduced (cf. [8]). 

Assume that Ao := inf o(—L) is a simple eigenvalue of — L with tp > the unique 
unit eigenf unction, where and in what follows, we use cr(-) and cr ess (-) to denote the 
spectrum and the essential spectrum of an operator respectively. In general, for the case 
that Ao is an eigenvalue, we may always take a nonnegative eigenfunction </> (called 
the ground state in the literature). Indeed, let ip be an eigenfunction with respect to 
A with n{ip > 0) > (otherwise, use — (p in stead of <p), we have 

PtV + > (Pt<p) + = e~ A( V 
for all t > 0. But due to the definition of Ao, one has 

\\PtV + \\ L > M <e- Ao % + |U2 (M) , 

then Pt<p + = e~ Xot (f + for any t > 0, so that (p + is an eigenfunction with respect to 
A too. If in addition that P t is irreducible in the sense that //(l^Pfls) > for any 
A, B £ with n(A)fi(B) > 0, then the nonnegative eigenfunction has to be strictly 
positive and Ao is a simple eigenvalue. In this case, /j^ := (fl/i is a probability measure 
and 

ppf := — Pt(M), t>o,fe l 2 (av ) 

gives rise to a symmetric C Markov semigroup on L 2 (/i (po ). We call P t intrinsically 
ultracontractive if 



\\ P t \\LHM^L^(^ )<OO, t>0. 

Moreover, P t is called intrinsically hypercontractive if there exists t > such that 

II P 1 ? II O A — 1 

II r t \\L 2 (n V0 )^L±{ii V0 ) — 1- 

The intrinsic ultracontractivity has been well studied in the framework of Dirichlet 
heat semigroups on (in particular, bounded) domains in ~R d . For instance, the Dirichlet 
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heat semigroup on a bounded Holder domain of order is intrinsically ultracontrac- 
tive (see [5j E]). See the recent work [16] and references within for sharp estimates 
on \\Pt°\\L 1 {^ )^L a °{n ipo )^ and [13] and references within for the study of the intrinsic 
ultracontractivity of Levy (in particular, stable) processes on domains. 

In this paper, we aim to study the intrinsic ultracontractivity for diffusion semi- 
groups on Riemannian manifolds with infinite invariant measures. Let M be a com- 
plete, connected, non-compact Riemannian manifold of dimension d. Let L = A + VV 
for some V G C 2 (M). Then L generates a unique (Dirichlet) diffusion semigroup P t 
on M which is symmetric in L 2 (/j?j, where fi := e v ^dx for dx the Riemannian volume 
measure. Assume that Ao := inf a(—L) is an eigenvalue of —L. Since M is connected, 
Ao has a unique unit eigenfunction ip > 0. 

To clarify the meaning in geometry analysis of the intrinsic ultracontractivity, let 
us recall that 

ll peon e x ^h{x,y,t) 

x, y eM M x )My) 

where h(x, y, t) is the heat kernel of Pt with respect to the weighted volume measure 
fi. 

In order to study the intrinsic ultracontractivity of P t , we make use of the following 
intrinsic super-Poincare inequality introduced in [21] (see also 



(1.1) M/ 2 ) < r/i(|V/| 2 ) + /3(r)/iM/|) 2 , r > 0, / G Cg(M), 

where (3 : (0, oo) — > (0, oo) is a decreasing function and 



/*(/) := 



J M 



The intrinsic ultracontractivity of P t implies ( II. ip for some f3 (see [2"T| Theorem 
3.1]), and (11.11) holds for some (3 if and only if a ess (L) = (see [2H Theorem 2.2]). On 
the other hand, if 



(1.2) m) := [°° ^~^ds < oo, t> inf /3(r), 

Jt S r>0 

where /3~ 1 (s) := inf{r > : (3{r) < s} for a positive decreasing function (3, then (11. ip 
implies the intrinsic ultracontractivity of Pt with (see [201 Theorem 3.3]) 



;i.3) ||Pr||LH^ )-i-(^ )<max{ £ - 1 inf/3, ^((l -e)t)} 2 < oo, ee(0,l),t>0. 
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We refer to [8] for the study of intrinsic ultracontractivity using the log-Sobolev in- 
equality with parameters. 

In section 2, (11. II) with explicit (3 is established in terms of curvature lower bounds 
of L, the first Dirichlet eigenvalue of L outside large balls, and the super Poincare 
inequality on M (see Theorem 12.11 below). As applications, we obtain the following 
two concrete results (see Section 3 for complete proofs). 

To state these results, we introduce some curvature conditions. Let Sec and Ric 
denote the sectional curvature and the Ricci curvature on M respectively. Let p be the 
Riemannian distance on M, and simply write p Q := p(o, •) for a fixed reference point 
o G M. Let k and K be two positive increasing functions on [0, oo) such that 

(1.4) Sec < —k o p G , Ric > — K o p Q , p Q 1 

holds on M. Here Sec < —k o p Q means that for any x G M and any unit vectors 
X,Y G T x with (X,Y) = 0, one has Sec(X,Y) < -k(p (x)); while Ric > -K o Po 
means that Ric(X, X) > — K(p (x))\X\ 2 for any x G M and X G T x . Finally, for a 
positive increasing function h on (0, oo), we let 

h^ir) := inf{s > : h(s) > r}, r > 0. 
Theorem 1.1. Let M be a Cartan-Hadamard manifold with d > 2 and Zei L = A. 



Assume that fli.^D /ioWs /or some positive increasing functions k and K with k{oo) 
oo. VKe /iai>e: 

(1) (UI21) holds with 

r > 



/3( r ) := ^r- d/2 exp 9k' 1 (6 / r) \J K {A + 2fc~ 1 (^/r)) 
/or some constant 6 > 0. 

(2) // 

(1.5) £r 1 ( J R) v / J FT(4 + 2£;- 1 (#)) < Cj R £ , i? > 1 

/ioWs for some constants c > and e G (0, 1), then P t is intrinsically ultracon- 
tractive with 

(1.6) \\Pr\\^^ M <exp[C(l + t^^% t>0 
for some constant C > 0, or equivalently 

(1.7) /i(x,y,t) <e- Ao Vo(x)<p (y)exp [C(l + r £/(1 - £) )], x,yGM,t>0. 
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(3) If { 1 1 . <5|) holds for some c > and e = 1, f/ien Pt intrinsically hypercontractive. 



Remark 1.1. (a) If Ric > — if for some constant K > 0, then cr ess (A) 7^ 0. Since M is 
non-compact and complete, this follows from a comparison theorem by Cheng [I] for 
the first Dirichlet eigenvalue and the Donnely-Li decomposition principle [9] for the 
essential spectrum: 



inf a ess (-A) < sup \ (B(x, 1)) < A (PQ, 



where Xq(B(x, 1)) is the first Dirichlet eigenvalue of —A on D and Xo(K) is the one on 
the unit geodesic ball in the d-dimensional parabolic space with Ricci curvature equal 
to K. Thus, the assumption K (00) = 00 in Theorem 11.11 is necessary for (11. ip to hold. 
Correspondingly, the assumption that fc(oo) = 00 is also reasonable. 

(b) The upper bound given in (11.61) . which is sharp due to Example 1.1 below, is 
quite different from the known one on bounded domains. Indeed, for P t the Dirichlet 
heat semigroup on a bounded C 1,a (a > 0) domain in M d , the short time behavior of 
the intrinsic heat kernel is algebraic rather than exponential (see [T6]): 

h{x,y,t)e Xot = Q/ r(d+2) m 

x, y M%)My) 

Next, we consider the case with drift. To this end, we adopt the following Bakry- 
Emery curvature Ric mj L instead of Ric. Assume that for some m > and positive 
increasing function K one has, instead of the second condition in (jl.4p . 

(1.8) RicL m := Ric — Hessy > —K o p a . 

m 

Moreover, let 7 be a positive increasing function on [0, 00) such that 



(1.9) Lp > ^7 Po, Po > 1- 

Theorem 1.2. Let o be a pole in M such that (II .gp and (1 1 . 9h hold for some increasing 
positive functions K and 7 with 7(00) = 00. Then a ess (L) = 0. Moreover, assuming 



JK(2 + 2pJx)) 
(1.10) lim Y , v 7 , = 0, 

p (x)^oo log p{B{X, 1)) 

where B(x,l) is the unit geodesic ball at x, we have: 
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(1) CO]) holds with 

f3(r) = g r -(m+d+i)/2 exp ^ 7 -i(32/ r )v/A'(2 + 2 7 - 1 (32/r)) , 
/or some constant 8 > 0. 

(2) // i/iere exzsi c > and e 6 (0,1) such that 



(1.11) 1 ^ 1 {R)^K{2 + 2 7 " 1 ( J R)) < cP/, P>1, 

t/ien P t zs intrinsically ultracontr active with (\1.6§ and 9f holding for some 
constant C > 0. 

(3) // ([7712]) ao/ds /or some c > and £ = 1, i/ien P t is intrinsically hypercontractive. 

To conclude this section, we present below two typical examples to show that con- 
ditions in Theorems 11.11 and 11.21 are sharp. To make the introduction brief, we leave 
their proofs to Section 4. 

Example 1.1. Let M be a Cartan-Hadamard manifold with 

-cip s < Sec < -c 2 p s , p > 1 



for some constants c±, c 2 , 5 > 0. Then a ess (A) = and for L = A, (11.11) holds with 

P{r) = exp[c(l+r- (2+5)/[25] )] 
for some constant c > 0. Consequently: 

(1) Pt is intrinsically ultracontractive if and only if 5 > 2, and when 5 > 2 one has 

\\P?°\W M ^ M < #iexp [^^ +2 ^~ 2 >], i > 

for some constants 81,82 > 0, which is sharp in the sense that the constant 82 
can not be replaced by any positive function ^2^) with &2{t) j. as t | 0. 

(2) P t is intrinsically hypercontractive if and only if 8 > 2. 
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Example 1.2. Let M be a Cartan-Hadamard manifold with 

Ric > -c(pf ~ 1} + 1) 

for some constants c > and 5 > 1. Let V = for some constant # > and p Q ^> 1. 
Then a ess (L) = and ([HI]) holds with 

/5(r) = exp[c(l+r- <5/[2(<5 - 1)1 )] 
for some constant c > 0. Consequently: 

(1) P t is intrinsically ultracontractive if and only if 5 > 2, and when 5 > 2 one has 

ii^riu^o)-^^) < #iex P [e 2 *-'/f- 2 )] ) f > 

for some constants 61,62 > 0, which is sharp in the sense that the constant 62 
can not be replaced by any positive function 62 (t) with 62(f) j as t j 0. 

(2) P t is intrinsically hypercontractive if and only if 5 > 2. 

2 The intrinsic super-Poincare inequality 

As explained in the last section that due to [211 Theorem 2.2], (11.11) holds for some /3 
if and only if a ess (L) = 0. According to the Donnely-Li decomposition principle (see 
[9]), they are also equivalent to 

X (R) := inf{/i(|V/| 2 ) : fi(f 2 ) = I J E C^M)J\ B{o>R) = 0} | 00 

as i? | 00 • The purpose of this section is to estimate j3 in (11.11) by using Xq(R) and 
the curvature condition. To this end, we will make use of the following super-Poincare 
inequality: 

(2.1) M/ 2 )<rM|V/| 2 )+/3o(r)MI/l) 2 , r>0,feC 1 (M) 

for some decreasing function j3 : (0, 00) — > (0, 00). In particular, by [201 Corollary 1.1 
(2)], (EE} with fair) = c(l + r"^ 2 ) for some constant c > and p > 2 is equivalent to 
the classical Sobolev inequality 

Klfl 2 P / {p -2) ){p -2 )/p < c (/i( | V /| 2 ) + p(/ 2 )), / G C*(M) 

for some constant C > 0. The latter inequality holds for a large class of non-compact 
manifolds. For instance, according to [6], it holds true for V = provided either the 
injectivity radius of M is infinite, or the injectivity radius is positive and the Ricci 
curvature is bounded below. 
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Theorem 2.1. Assume (\2.1\i . Let K be positive increasing function on [0, oo) such 
that (U.gp holds. If Xq(R) | oo as R f oo, i/ien (II. ip holds with 



(3(r)=C(3 (r/8)exp CX^(8/r)K(2 + 2X 1 (8/r)) 



r > 0. 



To prove this result, we first estimate the ground state y?o from below. The following 
lemma is proved by using the Li-Yau ([E]) type parabolic Harnack inequality derived 
by X.-D. Li PS]. 



Lemma 2.2. If( \1.8f\ holds then for the positive ground state ipo, there exists a constant 
C > such that 

1 



> ^ exp 



Cp y/K(2p ) 



Proof. Since (po is bounded below by a positive constant on a compact set, it suffices 
to prove for p Q > 1. Let a; G M with p (x) > 1. Applying [15], Theorem 5.2] to a = 2 
and R = p Q (x), we obtain 



- A Vo(o) = Pm(o) < (Pi+^o(x))(l + S ) m+d exp c\sK{2 Po {x)) 



Po{X) 



Vo (x)e~ Xo{1+s \l + s) m+d exp c\sK{2 Po {x)) + 



2s . 

po{x 



i2-, 



2,s 



s > 



for some constant ci > 0. Then the proof is completed by taking s = p (x) / ^ ' K(2p (x)). 



□ 



Proof of Theorem \2.1[ Since one may always take decreasing j3, it suffices to prove for 
r < 1. Let / G Co( M ) be fixed - Let h R — (p a — R) + A 1, i? > 0. Then is Lipschitz 
continuous so that (12.11) applies to /(l — h R ) instead of /: 



(2.2) p(f(l - h R f) < 2sp(\Vf\ 2 ) + 2 S p(f 2 )+f3 (s)p(\f\l B{OtR+1) )\ s > 0. 
Next, since h R f = on B(o, R), we have 



»(Wfh R ) 



X (R) 

Combining this with (12. 2p we obtain 



< 



X Q (R) 



X (R) 



P(f 



rif ) < Mf K) + 2/i(r(i - h R y) 

< (4* + v^y) (Ml V/| 2 ) + p(f)) + ■ f 2/3 ° (S) , MI/l^o) 2 . 
V A (-KJ/ iniB(o,i?+i) 
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Thus, if 4s + j^K) — \ t nen 



Hence, (11.11) holds for 



0(r) : = inf { : £ M0V ; 2 : 8s + <r}, r < 1. 



4A)(a) 

Combining this with Lemma 12.21 there exists a constant c > such that ( 11. II) holds 
for 



/3(r) := inf \c(3 (s)exp [c(R + 1)^(2 + 2R)] : 8s + — ^— <r\, r < 1. 
This completes the proof by taken s = r/8 and i? = Aq 1 (8/r). □ 



3 Proofs of Theorems 11.11 and 11.2 



Proof of Theorem a) Since V = 0, (II .4p implies (jl.8p . Moreover, since M is a 
Cartan-Hadamard manifold, its injectivity radius is infinite. Hence, by [6], one has 
II -Ft lU 1 ^)-^ 00 M < ct ~ d/2 for some c> and all t > 0. By [2)1 Theorem 4.5 (b)], this 
implies ( 12.11) with @o(r) = c(l + r~ d ^ 2 ) for some constant c > 0. 

b) Since M is a Cartan-Hadamard manifold, B(o,R) c is concave. Let i?o > be 
such that (11.41) holds for p Q > Rq. Then for any R > Rq, we have Sec < —k(R) on 
B(o, R) c . To make use of the Laplacian comparison theorem, we note that the distance 
to the boundary of B(o, R) c is p Q — R for p Q > R, and that the function 

h(s) := cosh (y/k{R) s), s>0 

solves the equation 

h"{s) - k{R)h{s) = 0, h(0) = 1, h'(0) = 0. 
Then (see [T2~| Theorem 0.3]) 



(3.1) A Po > {d - ) Mp ° R) > c ^k(R), Po>R+l 

h{Po - ft) 

holds for some constant Co > which is independent of R. By the Green formula, for 
any smooth domain D C B(o, R + l) c , it follows from (13. ip that 
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Co 



^/k(R)fx(D) < [ A Po dfi < [ \N Po \dfi d < fia(dD), 

JD J 3D 



where N is the unit normal vector field on dD and \xq is the measure on dD induced 
by fi. Thus, by Cheeger's inequality (see [2]), we have 

A (i?+l)>^), R>Ro 
which goes to infinite as R — > oo, so that <j ess (A) = 0. Moreover, 

K\ B / r ) < mf {i? + 1 : i? > R , jk(R) > - J = 1 + R V k~ l (32 / c 2 r) , r > 0. 

Then by Theorem 12.11 with Po( r ) — c(l + r~ d / 2 ), we obtain the desired /3(r) for some 
0>O. " 

c) If (OD holds then by (1), £□]) holds for 

/3(r) = exp[0(l +r" £ )] 

for some constant 9 > 0. If e G (0, 1) then (11. 6p follows from [2H Corollary 3.4(1)]. If 
£ = 1 then 

M/ 2 ) < r/*(| V/| 2 ) + exp[0(l + r- 1 )]^^!/!) 2 , r > 0, / G C^M). 
Applying this to /</? an d noting that 

^((v/ 2 , v^ 2 » = -\^f 2 L V l) = \o^ (f) -M/ 2 |v^ | 2 ), 

we arrive at 



/U/ 2 ) < ^o(l V/| 2 ) + r/i(/ 2 | V^ol 2 ) + ^((V/ 2 , V^ 2 » + S^^ {\f\f 
= ^ (|V/| 2 ) +rA /U/ 2 ) +e e(1+r " ) ^ (l/l) 2 , r > 0. 

This implies 

/i^(/ 2 ) < 2r^ (|V/| 2 ) + 2e e ( 1+) - V (|/|) 2 , r G (0, 1/(2A )). 
Hence, there exists a constant 9' > such that 

(3-2) /U/ 2 ) < r^ (|V/| 2 ) +e 9 '( 1+ - 1 ) /V) (|/|) 2 , r > 0. 

By [201 Corollary 1.1(1)], this is equivalent to the defective log-Sobolev inequality 



10 



(3.3) /i V0 (/ 2 log/ 2 ) < d^ (|V/| 2 ) + C 2 , / G Cl(M),^ (f 2 ) = 1 

for some Ci,C 2 > 0. On the other hand, (13.21) and the weak Poincare inequality due 
to pTTl Theorem 3.1] imply the Poincare inequality (see [T7l Proposition 3.1]) 

/U/ 2 ) < C^ (|V/| 2 ) + M/) 2 , / G Cl(M) 

for some constant C > 0. Combining this and (13.31) we obtain the strict log-Sobolev 
inequality, namely, (13.31) with C2 = and some possibly different C\ > 0. There- 
fore, due to [10], is hypercontracive since it is associated to the Dirichlet form 
/i Vo ((V-, V-)) on if 2,1 (/i </ , ). We remark that the implication of the hypercontactivity 
from the defective log-Sobolev inequality can also be deduced by using the uniformly 
positivity improving property of the diffusion semigroup, see e.g. [1] for details. Then 
the proof is finished. □ 

To prove Theorem 11.21 we first establish the super Poincare inequality ( 12. lft for a 
concrete @ . 

Lemma 3.1. In the situation of Theorem ! 1.2\ ( li.iOp implies (\2.1\i with /3o(r) = c(l + 
r -(m+d+i)/2^ j Qr some cons t an t c > 0. 

Proof. By [T5| Theorem 5.2] with a = (m + d+ l)/(m + d), for any measurable function 
/ > with fi(f) = 1, we have 



(m+d+i)/2 r ap(x,y) 2 

4s 

for some constant C > and all s, t > 0. This implies 



/ s \ (m+d+l)/2 r 

P/(x) < (P t+S f(y))(l + -J exp \CK{2[ Po {x) V p (j/)])a 



1 = / P t+s f(yMdy) > (PJ(x))(l + ^Y im+d+1)/2 [ e-OK^^ms-./M^yy 

JM \ 1/ JB(x,\) 



Taking s — 1/y i^(2 + 2p (x)), we obtain 

«/(*) < cod + *->)<•"«+»/, . ex P [c ov /^(2 + 2p oM ) 

p[r>[x, I)) 

for some constant Co > and alH > 0, x G M. Combining this with (ll.lOp we obtain 

\\Pt\\m^ L °»M <c 1 (i + r 1 )( m+d + i y\ t > 

for some constant c\ > 0. According to [201 Theorem 4.5(b)], this is equivalent to (12. ip 
with Po(r) = c(l + r -( m + d + 1 )/ 2 ) f or some constant c > 0. □ 
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Proof of Theorem \1.2 . By (11.91) and Cheeger's inequality explained in b) of the proof 
of Theorem 11.11 we have 



Since j(R) — > oo as i? — > oo, the essential spectrum of L is empty and the desired (3 
follows from Theorem 12.11 and Lemma 13.11 The remainder of the proof is then similar 
to that of Theorem 11.11 □ 



4 Proofs of Examples 1.1 and 1.2 

Proof of Example 1.1. Since Sec < —C2p 5 Q for some C2, 5 > and large p Q , Theorem ll.il 
implies a ess (A) = 0. Moreover, one may take K{r) — (d — l)cir s and k(r) = C2r s for 
large r, so that 

k- 1 (R)^K(A + 2k- 1 (R)) < cR* + * 

for some constant c > and large R. Then the sufficiency and the desired upper bound 

of H^HUm^oH^Ovo) fo llow from Theorem O 
Next, by the concrete K and Lemma [2.21 we have 

(4-1) ^o>^exp[-C P ^/ 2 ] 

for some constant C > 0. If P t is intrinsically ultracontractive, i.e. Pf° is ultracontrac- 
tive by definition, then, according to [3 Theorem 2.2.4] (see also [10] and [8]), there 
exists a function (3 : (0, oo) — > (0, oo) such that 

AVo(/ 2 log/ 2 ) < r/i V0 (|V/| 2 ) +0(r), f G C^M), ^ (/ 2 ) = 1. 

By the concentration of reference measures induced by log-Sobolev inequalities (see e.g. 
[T8| Corollary 6.3]), the above log-Sobloev inequality implies /i (/P0 (e Ap °) < oo for any 
A > 0. Combining this with (14.11) and noting that the Riemannian volume of a Cartan- 
Hadamard manifold is infinite, we conclude that S > 2. Similarly, if P t is intrinsically 
hypercontractive, then /i Vo (e APo ) < oo for some A > 0, so that 5 > 2. 

Finally, let 5 > 2. If there exists 9\ > and a positive function h with h(t) j as 
1 1 such that 

II^IIl^hl^) < #iexp [fer^/c- 3 )], * > 0, 

then [201 Theorem 4.5] implies (11.11) for 
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^ r )=j^ fii j rii^)^(^)^ / '- 1 



s 



s<r,t>0 t 



6 1 inf -exp h(t)r( 5+2 W-V + - - 1 



r > 0. 



Taking s = r A 1 and t = (r^l^ A l)/i( r (<5-2)/(25) A l)( <5 ~ 2 )/( 25 ) ) we obtain 

(4.2) /3{r) < 6 2 exp [h(r)r~ {5+2)/{25] ] , r > 

for some constant #2 > and positive function h with h(r) j as r | 0. 
Finally, we aim to deduce from (14.21) that 

(4.3) fi(e xpl ° +S/2 ) < oo, A > 0, 

which is contradictive to (14.11) . To this end, we apply [T9l Theorem 6.2], which says 
that 



(4.4) Mexp[cip £(c 2 p )]) < oo 

holds for some constants c\, c 2 > and 



£(A) := inf <j s > 1 : 
Since (14. 2 p implies 



J^\og(3(l/(2t 2 ))dt> A J, A>0. 



^ i log/3(l/(2t 2 ))dt < fl 3 + #s /' t" (<5 - 2)/ ^(l/(2t^- 2 >/' 5 ))dt 

< ^ 3 + ^(s)s 2/5 , s>l 

for some constant 8% > and some positive function e with e(s) [ as s f 00, one has 
£(A)A~ 5 / 2 -> 00 as A -> 00. Therefore, (TOD follows from (03). □ 

Proof of Example 1.2. Since M is a Cartan-Hadamard manifold and 5 > 1, we have 

^Po > =: V7 Po, Po > 1. 

In particular, 7(00) = 00 so that a ess (L) = 0. Moreover, since 

Ric > _ c (l + pf-D), I W | 2 = 2 <f P f ^ 
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and Hessy = #Hess p 5 > for large p Q as M is Cartan-Hadamard, we may take K(r) = 
ci(l + r 2( ^ -1 )) for some constant c\ > 0. Therefore, (11. lip holds for some c > and 
e = | + 2 ((5-i) • Therefore, the sufficiency follows from Theorem 11.21 provided fll.lOp 
holds. Indeed, since M is a Cartan-Hadamard manifold, we have 

fi(B(x, 1)) > c(d) exp [ inf v] > c{d) exp[0(p o (x) - 1)*], p a (x) > 1, 

.B(x,l) 

where c(d) is the volume of the unit ball in ~R d . This implies ( 11.101) . 
On the other hand, by Lemma 12.21 and the concrete K, we have 

<A) > ^ exp [ - Cp 5 ] 

for some constant C > 0. Then the remainder of the proof is as same as that in the 
proof of Example 1.1. □ 

Acknowledgement. The author would like to thank the referees for useful com- 
ments. 
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